SEMICLASSICAL ANALYSIS OF SCHRODINGER OPERATORS 
WITH MAGNETIC WELLS 
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Abstract. We give a survey of some results, mainly obtained by the authors 
and their collaborators, on spectral properties of the magnetic Schrodinger 
operators in the semiclassical limit. We focus our discussion on asymptotic 
behavior of the individual eigenvalues for operators on closed manifolds and 
existence of gaps in intervals close to the bottom of the spectrum of periodic 
operators. 



1. Preliminaries 

1.1. The magnetic Schrodinger operators. Let {M,g) be an oriented Rie- 
mannian manifold of dimension n > 2. Let B be a real- valued closed C°° 2-form 
on M. Assume that B is exact and choose a real-valued C°° 1-form A on M such 
that dA = B. 

Thus, one has a natural mapping 

u I— > i du + Am 

from C^(M) to the space ftl{M) of smooth, compactly supported one- forms on 
M. The Riemannian metric allows to define scalar products in these spaces and 
consider the adjoint operator 

(zd + A)* :f7i(Af)^Cr(M). 

A Schrodinger operator with magnetic potential A is defined by the formula 

Ha = {id + A)*{id + A). 

From the geometric point of view, we may regard A as a connection one form of 
a Hermitian connection on the trivial line bundle C over M, defining the covariant 
derivative Va = d — iA. The curvature of this connection is — iB. Then the 
operator coincides with the covariant (or Bochner) Laplacian: 

Ha = VI Va. 

Choose local coordinates X — {Xi, . . . ,Xn) on M. Write the 1-form A in the 
local coordinates as 

n 

A = Y,A,(X)dX„ 

the matrix of the Riemannian metric g as 

9(X) = {gje(X))i<j.e<n 
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and its inverse as 

giX)-' = (.9^"^(X))i<,-,<„. 

Denote = det{g{X)). Then the magnetic field B is given by the following 

formula 

B = E Bjk dXj A dXk, Bjk = - ■ 

j<k ^ 

Moreover, the operator Ha has the form 



When n = 2, the magnetic two-form B is a volume form on M and therefore can 
be identified with the function b S C°°{M) given by 

B — bdxg, 

where dxg denotes the Riemannian volume form M associated with g. 

When n — 3, the magnetic two-form B can be identified with a magnetic vector 
field b by the Hodge star-operator. If M is the Euclidean space E'^, we have 

b = (foi, 62, 63) - curl A - (B23, -Bi3, 

with the usual definition of curl. 

We will consider the magnetic Schrodinger operator Ha as an unbounded oper- 
ator in the Hilbert space L^{M). We will discuss two cases: 

• M is a compact manifold, possibly with boundary; 

• M is a noncompact oriented manifold equipped with a properly discon- 
tinuous action of a finitely generated, discrete group F such that M/T is 
compact. 

In the first case, if M has non-empty boundary, we will assume that the operator 
H^ satisfies the Dirichlet boundary conditions. Moreover, we will only consider the 
case when the potential wells defined by the magnetic field lie in the interior of 
M. A closely related case is the case M = under the assumption that the 
potential wells defined by the magnetic field lie in a compact subset of and that 
liminf|^I^^Qo > inf 6. 

In the second case, we will assume that M is complete and 7?^(Af, M) = 0, i.e. 
any closed 1-form on M is exact. Moreover, the metric g and the magnetic 2-form 
B are supposed to be F-invariant (but A, in general, is not F- invariant). Moreover, 
we will assume that the magnetic field has a periodic set of compact potential wells 
(see Section |3] for a precise definition) . 

In both cases, if M is without boundary (this is always true in the second case), 
the operator Ha is essentially self-adjoint with domain C^(M). In the case when 
M has non-empty boundary, we will consider the self-adjoint operator obtained as 
the Friedrichs extension of the operator Ha with domain C^{M) (the Dirichlet 
realization). We refer the reader to the book ^ (and the references therein), for 
the description of the spectral properties of the Neumann realization of a magnetic 
Schrodinger operator on a compact manifold with boundary and their applications 
to problems in superconductivity and liquid crystals. We also refer the reader 
to the surveys [3j El [H [25] for the presentation of general results concerning the 
Schrodinger operator with magnetic fields. 
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We will discuss spectral properties of the magnetic Schrodinger operator in the 
semiclassical limit. So we consider the operator i/'', depending on a semiclassical 
parameter h > 0, defined as 

H'' ^ {ihd + A)*{ihd + A). 

The operators and Ha are related by the formula 

H'' = h^{d-ih-^A)*{d^ih-^A) = h^H,,-iA. 

This formula shows, in particular, that the semiclassical limit /i ^ is clearly 
equivalent to the large magnetic field limit. 

1.2. Magnetic wells. For any x £ M, denote by B{x) the linear operator on the 
tangent space TxM associated with the 2-form B: 

g.j:iB{x)u,v) ^Bx{u,v), u^v^T^M. 

In local coordinates X = [Xi, . . . ,X„), the matrix {b'p{X))oi.p=i^...,n of B{X) is 
given by 

n 

h1{X) = Y.Bp,(X)g='^{X). 

3 = 1 

It is easy to check that B is skew-adjoint with respect to and therefore for 
each X G M the non-zero eigenvalues of B{x) can be written as ztiXj{x), where 
Xj{x) > 0, j — l,2,...,d. Introduce the function (the intensity of the magnetic 
field) 

Tr+(B(x)) = J2 ^^■(^) = ^Tr([i?*(x) • Bix)]'/'). 

We will also use the trace norm of B{x): 

\B{x)\^[Yr{B*{x)-B{x))Y/\ 

It coincides with the norm of B{x) with respect to the Riemannian metric on the 
space of tensors of type owT^M induced by the Riemannian metric g on M . 

In local coordinates X = {Xi, . . . , Xn), we have 

\B{X)\ = I ^ g^HX)g,,{X)bUX)b'^{X) 

\i,j,k,e 

When n = 2, then 

Tr+(S(a;)) = \b{x)\ and \B{x)\ = V2 |6(a;)| . 

When n = 3, then 

Tr+(B(a;)) = |&(a;)| and \B{x)\ =V2\b{x)\ . 

Remark that the function is clearly C°°, whereas the function Tr^i? is 

only continuous (more precisely, it is locally Holder of order l/2n (see [18] and 
references therein)). It turns out that in many spectral problems the function 
X 1-^ h-Tr'^{B{x)) can be considered as a magnetic potential, that is, as a magnetic 
analog of the electric potential y in a Schrodinger operator —h^A + V. This leads 
us to introduce the notion of magnetic well as follows. 

Let bo be the minimal intensity of the magnetic field 

bo = min{Tr+(S(x)) : x E M}. 
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Consider the zero set of Tr+(_B(a;)) — 60 

U = {xe M : Tt+{B{x)) = ba} . 

A magnetic well (attached to the given energy hbo) is by definition a connected 
component of U. If M is compact and has non-empty boundary, we will always 
assume that U is included in the interior of M. 

1.3. Rough estimates for the lowest eigenvalue. Assume that M is a compact 
manifold. Denote by Ao(i?'') the bottom of the spectrum of the operator H'^ in 
L2(M). 

Theorem 1.1 (pjj, Theorem 2.2). For any ^ e ImTr^i?, there exists C > and 
ho > such that, for any h G (0, ho] , 

i-C h'^/^ + V, hfj, + C h'^^^) 7^ . 

Moreover, there exists C > such that 

-Ch^/^ < Xo{H'') - hbo < Ch^/^ 

The last result can be improved if the rank of B is constant. This can be seen as 
a form of the Melin-Hormander inequality. Using the techniques developed in |18j 
one can indeed get the existence of C > and ho > such that, for any h e (0, ho] , 

-Ch^ < Xo{H^)-hbo. 

Remark that if n — 2 and M is without boundary then we necessarily have 
60 = 0, since 

/ b{x)dxg = dA = 0. 
Jm Jm 

If we suppose that AI has non-empty boundary, the operator H'^ satisfies the Dirich- 
let boundary conditions and bg > 0, it was observed by many authors [231 130] 
(as the immediate consequence of the Weitzenbock-Bochner type identity and the 
positivity of the square of a suitable Dirac operator) that 

infa(i/A) > bo, 

where (t{Ha) denotes the spectrum of the operator in L'^{M) and, as a conse- 
quence, that, for any /i > , 

MH^) > hbo. 

In the case M — M? , this estimate follows from the formula 

b{x) = -i[D^,~ Ai,D^^- A2], 

where, as usual, D^^ — Y^f^i k = 1,2, which implies (after an integration by parts) 
that 

J b{x)\u{x)fdx < \\{D,,-Ai)uf + \\{D^,~A2)uf . 

If bo = 0, one prove a more precise estimate for Ao(i?'') in the case when the 
magnetic wells are regular submanifolds. Denote by d[x,y) the geodesic distance 
between x and y. 
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Theorem 1.2 ( 14J, Theorem 2.4). Let us assume that bo ~ and that U is a C°° 
compact submanifold of M included in the interior in M. If there exist k G Z+, Ci 
and C2 > such that if d{x, U) < C'2 

Cf 1 d{x, Uf < \B{x)\ < Ci d(x, Uf , 

then one can find Hq and C > such that, for any h G (0, Hq] , 



2. Discrete wells 

In this section, we continue to assume that M is compact. Denoting by \q{H^) < 
Ai(i?'') < \2{H^) < ■•■the eigenvalues of the operator H'^ in L'^{M), we will 
consider the case when the magnetic wells are points. 

2.1. The case bo = 0. Let us assume that 60 ~ 0, and, for some integer fc > 0, if 
B(xo) = 0, then xo belongs to the interior of M and there exists a positive constant 
C such that for all x in some neighborhood of xo the estimate holds: 

C~^d{x,xof < Tr+{B{x)) < Cd{x,xof. 

In this case, the important role is played by a differential operator K^^^ in R" , 
which is in some sense an approximation to the operator near xo ■ Recall its 
definition [2]. 

Let Xo be a zero of B. Choose local coordinates / : U{xo) R" on Af, defined 
in a sufhciently small neighborhood U{xo) of xo- Suppose that f{xo) = 0, and the 
image f{U{xo)) is a ball B{Q,r) in M" centered at the origin. 

Write the 2-form B in the local coordinates as 

B(X)= J2 bim{X)dXiAdXra, X = (Xi , . . . , X„) G B(0, r) . 

l</<m<n 

Let B" be the closed 2-form in R" with polynomial components defined by the 
formula 

l<l<m<n \a\—k 

One can find a 1-form A'' on R" with polynomial components such that 

dA°(X) = B°(X) , XgR". 

Let K^^^ be a self-adjoint differential operator in L^(R") with polynomial coeffi- 
cients given by the formula 

K^^^ = {ihd + A°)*{ihd + A°), 

where the adjoints are taken with respect to the Hilbert structure in L^(R") given 
by the flat Riemannian metric {gim{Q)) in R"^ If A° is written as 

A° = A°dXi + ...+A°^ dX„ , 

then K^^^ is given by the formula 
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The operators K^^ have discrete spectrum (cf, for instance, [171 HI])- Using the 
simple dilation X i-^ h''^X, one can show that the operator K^^ is unitarily 

equivalent to h '=+2 K^.^ . Thus, h '=+2 K!^^ has discrete spectrum, independent of 
h. 

Under the current assumptions, the zero set U of B is a finite collection of points: 

U = {xi, . . . ,xn} ■ 

Let K'^ be the self-adjoint operator on L'^{Tx,M) ® • • • ® L'^{Tx„M) defined by 
(2.1) K'^^Kl^(B---(BKl^. 

Let fiQ < fii < . . . he the increasing sequence of eigenvalues associated with K'^ for 
h=l. 

Theorem 2.1 ([14 , Theorem 2.5). For any natural m, the eigenvalue \m{H^) has 
an asymptotic expansion, when h 0, of the form 

Moreover ([141 Proposition 2.7]), if is a non degenerate eigenvalue of K^^, 
for some j, then there exists an eigenvalue X{H^) of H'^ which has a complete 
asymptotic expansion of the form 

+00 

3=0 

with ao = /i. 

2.2. The case bo 7^ 0. In this subsection, we consider the case when M is a two- 
dimensional compact manifold and 60 7^ 0- We assume that M has non-empty 
boundary and the operator H'^ satisfies the Dirichlet boundary conditions. More- 
over, we suppose that there is a unique minimum point xq, which belongs to the 
interior of M, such that b{xo) = bo and which is non degenerate: 

Hess5(a;o) > 0. 

We introduce in this case the notation 

a Tr QHess6(xo) 

Theorem 2.2 {[16, , Theorem 7.2). There exist a constant C > and /iq > 0, such 
that, for h G (0, Hq] , 

-Ch'^/' < Ao(i/'') - hbo - ^h^ < Ch^/^ . 

2bo 

The proof is based on the analysis of the simpler model in where near 

b{x, y) = bo + ax^ + /3j/^ . 
In this case one can also choose a gauge A = Ai{x, y)dx + A2{x, y)dy such that 

Ai{x,y) = and A2{x,y) =^ bo + ^x^ + I3xy^ . 

We mention two open problems in this setting: 
(1) Proof of the existence of a complete asymptotic expansion for Xo{H'') in 
the two-dimensional case. 




SCHRODINGER OPERATORS WITH MAGNETIC WELLS 



7 



(2) Accurate analysis of the bottom of the spectrum in the three-dimensional 
case. 

One should note that the situation is completely different when the Neumann 
boundary condition is considered. For a discussion of this case, we refer the reader 
to [4] and the references therein. 

3. Hypersurface wells 

In this section, we consider the case when 6o = and the zero set U of the 
magnetic field is a smooth oriented hypersurface S. Moreover, there are constants 
k £ Z, k > 0, and C > such that, for all a; in a neighborhood of S, we have: 

(3.1) C-^d{x,S)'' < \B{x)\ < Cd{x,Sf . 

This model was introduced for the first time by Montgomery [55] and was further 
studied in [H [SB El [12 US] . 

We begin with a discussion of some family of ordinary differential operators, 
which play a very important role in the study of this case. 

3.1. Some ordinary differential operators. For any a e M and /3 e M, /? 7^ 0, 

consider the self-adjoint second order differential operator in L^(M) given by 

In the context of magnetic bottles, this family of operators (for fc = 1) first appears 
in [26] (see also [H]). Denote by Xo{a, (3) the bottom of the spectrum of the operator 
0(a,/3). 

Recall some properties of Ao(a,/3), which were established in [26j [HI [27] . First 
of all, Ao(a, /3) is a continuous function of a g M and /3 G R \ {0}. One can see by 
scaling that, for /3 > 0, 

(3.2) Ao(a,/?) =/3^ Ao(/?-^a,l). 

A further discussion depends on k odd or k even. 

When k is odd, Ao(q;, 1) tends to -l-oo as a — > —00 by monotonicity. For analyzing 
its behavior as a — > -|-oo, it is suitable to do a dilation t — Q;"f+Ts, which leads to 
the analysis of 

with h = small. One can use the semi-classical analysis (see [2] for 

the one-dimensional case and [28l [19] for the multidimensional case) to show that 

Ao(a, 1) (fc + l)"^a*^ , as a ^ -l-oo. 

In particular, we see that Ao(a, 1) tends to +00 . 

When fc is even, we have Ao(a, 1) = Ao(— a, 1) , and, therefore, it is sufficient to 
consider the case a > . As a — > +00, semi-classical analysis again shows that 
Ao(a, 1) tends to -l-oo . 

So in both cases, it is clear that the continuous function Xo{a, 1) is positive: 

i> :— inf Ao(a, 1) > , 
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and there exists (at least one) amin G Hi such that Ao(a, 1) is minimal: 

Ao(ainin, 1) = i> . 

The results of numerical computation^^ for amin, i' and the second eigenvalue Ai 
of the operator Q{ami-a^ 1) are given in Table [TJ 



k 


1 


2 


3 


4 


5 


6 


7 


^min 


0.35 





0.16 





0.10 





0.07 


y 


0.57 


0.66 


0.68 


0.76 


0.81 


0.87 


0.92 


Ai 


1.98 


2.50 


2.61 


2.98 


3.18 


3.47 


3.66 



Table 1. Numerical results for amin, v and Ai 



In Figures [T] and m one can also see the graphs of the function A — Ao(a, 1) and 
its quadratic approximation at a = amin: 




-5 -4 -3 -2 -1 1 2 3 4 5 -5 -4 -3 -2 -1 1 2 3 4 5 



Figure 1. k even 




Figure 2. k odd 

performed for us by V. Bonnaillio-Noel 
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Numerical computations show that when k is even the minimum is attained at 
zero: amin = . They also suggest that the minimum amin is non degenerate: 

-^("min,l) > 0. 

and that the second derivative ^^(amin, 1) tends as k tends to oo to 2. 

Let M° G (M) be the normalized strictly positive eigenvector of the operator 
Q{a, 1), corresponding to the eigenvalue Ao(a, 1): 

g(a,l)< = Ao(a,l)<, ||<||=1. 

One can show that u'^ depends smoothly on a. Then one can show that 



da 



and 



It follows that 



' {ul{t)fdt = Q, 



z + l 

and, for k odd, amin = / > 0. It has been claimed that this 

minimum is unique for fc = 1 in 27J and for arbitrary odd fc in [1]. 



We also have 



dvP 

(O(a,l)-Ao(a,l))^ 



1 da 



Finally, we mention the following identity (see [27j, Proposition 3.5 and the 
formula (3.14)): 

2 



1 



k + 1 



-a ■ U" 



mill I ^CX-n 



k + 2 



Motivated by numerical computations, we state two conjectures, which will be 
very important in further investigations. 

Conjecture 3.1. Any minimum o/Ao(a, 1) is non- degenerate, that, is, for any 
ttmin G R such that Ao(Q!min, 1) ^ v wc have 



° (amin, 1) > . 



Conjecture 3.2. There exists a unique amin G K such that Ao(aminj 1) = ■ 

2 

One can show that the limit of i> as fc ^ +oo is which is the lowest eigen- 
value of the Dirichlet problem for the operator —d^/dt^ on (— 1,-|-1), and that 
Conjecture 13. II is true for fc large enough. 
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3.2. Eigenvalue estimates. Suppose that the assumption ()3.ip holds. Denote by 
N the external unit normal vector to S and by N an arbitrary extension of iV to a 
smooth vector field on U. Let wq.i be the smooth one form on S defined, for any 
vector field on S*, by the formula 

where V" is a C°° extension of V to U. By (|3.ip . it is easy to see that ujo^i{x) ^ 
for any x G S . Denote 

Wmin(S) = inf |wo.i(a;)| > 0. 

As above, Xo{H'^) denotes the bottom of the spectrum of the operator H'^ in 
i2(M). 

Theorem 3.3 ( 13J). There exists C > and ho > such that, for any h E (0, ho], 
we have : 

, N 2_ 2k + 2 6k + S , , 2 2fc + 2 6k + S 

D LUrniniB) '' + '^ h ''+2 ~ C h^C'+^'i < Aq (i? ) < i> ^niin '=+2 /l '= + 2 +C/l3<'= + 2). 

Observe that a similar result was obtained for the bottom of the spectrum of the 
Neumann realization of the operator in a bounded domain in by Pan and 
Kwek [27] in the case k — 1 and by Aramaki [1] in the case k arbitrary odd. 

As an immediate consequence of Theorems 13.31 and 14.51 we obtain estimates for 
the eigenvalues of the operator H'\ 

Corollary 3.4 ([13]). For integer m > 0, we have 

lim h~^\,n{H^) = t'Wmin(S)^ . 



The proof of Theorem 13.31 is based on reduction to a second order differential 
operator H^--^ on R x 5*, which is obtained by expanding the operator near S. 
It is defined as follows. Let G be the Riemannian metric on S induced by g. Denote 
by dxQ the corresponding Riemannian volume form on S. Let 

be the closed one form on S induced by A, where is is the embedding of S to M . 
For any t e M, let Pg ^^ojq.o + -iry[t^^^ujo^i^ be a formally self-adjoint operator in 
L'^{S,dxG) defined by 



Ps {^0,0 + j:^t''+^i^o,ij = (ihd + UJo.O + J^f'+^^^o,! 



ihd + UJOO + -, ri'^'^^^o i 

K+1 

The operator ij'*'^ is a self-adjoint operator in L^(M x S, dtdxc) defined by the 
formula 

By Theorem 2.7 of [14 , the operator H^^^ has discrete spectrum. 

Further analysis based on separation of variables leads to spectral problems for 
the ordinary differential operator Q(a,P) discussed in Subsection 13.11 Consider a 
toy example considered in [26]. Suppose that n = 2 and the zero set of i? is a 
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connected smooth curve 7. Let t E [0, L) ^ Sj^ ~ R/iZ be the natural parameter 
along 7 {L is the length of 7). The operator H^''^ acts in L^(]R x Sj^) by the formula 
(3.3) 

Choosing an appropriate gauge, without loss of generality, we can assume that 
ai{x) = ai — const. Assume, for simplicity, that Pi{x) = Pi = const. Considering 
Fourier series, we obtain that the operator ij'*'^ is unitarily equivalent to a direct 
sum 0pgz^("p)' where 

Op = ap{h) :— 2TThp/L — a\ , 
and H(a) , a G R , is an operator in _L^(R, dt) given by 

H{a) - -h^^ +(^a- ^^2^/3itfe+i^ = h'Q{h-'a, h-^Pi) . 

Using (|3.2p . we obtain 

inf cr(i?'*'°) inf (T{H{ap)) ^ pf^ inf Xoih-^ap, 1) . 

We can always find po E Z such that 



h ''+2 ap„ - a„ 



2-K , _j_ 
< — ft, '=+2 
L 



Therefore, we obtain that 

2 



2fc + 2 2fc + 2 



fc+1 

h - an 



I inf cr(ij'*^°) - uPl+^ I < C 

Observe that W(q x) = Pidx and tOmin — Pi- So we obtain that 

'^'^i^^ - Ci < inf (7(i/'''°) < I'oj^h^ +Cih^ . 

Remark that these estimates are stronger than the estimates of Theorem 13.31 As 
observed by Montgomery [26j . in this case, the eigenvalues splitting Ai — Aq between 
the second eigenvalue Ai and the lowest eigenvalue Aq of the operator H^ '^ is 0{h^) 
and oscillating between this upper bound and oih?). 

Moreover, if we admit that amin is the unique critical point of Ao(a, 1) (that 
implies, in particular. Conjecture 13. 2p then, for any ai 7^ 0, one can show that 
there exist /iq and po such that, for any p, such that \p\ > po and aip > , there 
exists hp E (0, /iq) such that limp^+oo hp = and the multiplicity of the the lowest 
eigenvalue of H^v^ is at least 2. This is still true if ai =0 and k is odd. On 
the contrary, in the case when k is even, if we only admit Conjecture 13. 2i then the 
multiplicity is 1. 

Let us treat the case when ai > 0. Take an arbitrary ho > 0. Using the 
asymptotic behavior of Xo{a, 1) at +00 (one can actually prove the monotonicity) , 
we obtain that there exists po such that, for p > po, we have 

fc+1 fc+1 
Ao(/io '+'ap(/io),l) < "^^ap+iiho),!) . 

On the other hand, we observe that, for a given p, 

lim h Up — —00 . 
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Using the monotonicity of Ao(a, 1) at — cx3, we get 

Xo{h-^ap{h), 1) > Ao(/i~^T5ap+i(/i), 1) , 
for h small enough. Hence, for p > po, there exists hp e (0, ho) such that 

_ k + l _ 

Xo{hp ''+^ap{hp),l) = Xo{hp ap+i(/ip), 1) 

Since we admit that amin is the unique critical point of Ao(a, 1), we immediately 
get that, for p > po, 

k + l k+l 

Xoihp '=+'ap(/ip),l) = inf Xa{hp ''+^ ag{hp),l) , 

and 

hp ''*^ap{hp) < amin < hp ap+i{hp) . 
Hence we have, for p > pa, 

h^^apihp) <a^in + C (^^^ h^' <Ci, 

this shows that limp^+co hp — 0. 

Like in the case of the Schrodinger operator with electric potential (see pp]). 
one can introduce an internal notion of magnetic well for the fixed hypersurface 
S in the zero set of the magnetic field B. Such magnetic wells can be naturally 
called magnetic miniwells. They are defined by means of the function |wo,i| on 
S. Assuming that there exists a non-degenerate miniwell on S, we prove stronger 
upper bounds for the eigenvalues of H^. 

Theorem 3.5 ([I3])- Assume that there exist xi G S and Ci > 0, such that 
\^o.i{xi)\ = uj^ia{B) and, for all x G S in some neighborhood of xi, we have the 
estimate 

C^^ ds{x,Xi)^ < \uJo^i{x)\ ~UJnun{B) < Cidsix^xi)"^ . 

Then, for any natural m, there exist Cm > and hm > such that, for any 
h e (0, hm] , we have 

Xm{H^) < I>Wmin(5)^ h^ + Cm h^ . 

For the proof of Theorem 13. 5[ we use a more refined model operator than the 
operator H^''^ , which is obtained by considering further terms in the asymptotic 
expansion of the operator near S. Then we apply the method initiated by 
Grushin [6] (and references therein) and Sjostrand [29j in the context of hypoel- 
lipticity. We refer also the reader to [S] for a discussion of a toy model of this 
type. 

We believe that, if we assume that there exists a unique miniwell and that 
Conjecture 13.11 is true, then, using the methods of 0], one can prove the lower 
bound for the ground state energy Xo{H^) of the form 

Ao(^^'') > VUJ^in{B)T^h^ - Ch^ , 

and the upper bound for the splitting between Xo{H'^) and Ai(i/'') of the form 

Xi{H'') - Xo{H^') < ChW . 
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Moreover, if, in addition. Conjecture 13.21 is true, we believe that one can prove the 
lower bound for the splitting between Ao(i?'*) and Ai(i?'*) of the form 

Hence the situation here is quite different of the case when n = 2 and |wo,i(2;)| 
is constant along S discussed by Montgomery [^Hj (see the analysis above of our 
toy model (|3.3p ). Remark that the question about upper and lower bounds for the 
eigenvalue splitting Ai — Aq in the Montgomery case is still open. 

4. Periodic operators 

4.1. The setting of the problem. In this section, we discuss the case when M 
is a noncompact oriented manifold of dimension n > 2 equipped with a properly 
discontinuous action of a finitely generated, discrete group T such that M/T is 
compact. Suppose that H-^{M,M.) = 0, i.e. any closed 1-form on M is exact. 

As an example, one can consider the Euclidean space M" equipped with an 
action of Z" by translations or the hyperbolic plane H equipped with an action of 
the fundamental group of a compact Riemannian surface of genus g > 2. 

Let g be a F-invariant Riemannian metric and B a real- valued F-invariant closed 
2-form on M. Assume that B is exact and choose a real- valued 1-form A on M 
such that dA = B. 

Throughout in this section, we will assume that the magnetic field has a peri- 
odic set of compact potential wells. More precisely, we assume that there exist a 
(connected) fundamental domain and a constant sq > such that 

(4.1) Tr+(S(a;)) > 6o + eo, x e dT. 

For any ei < coi Put 

U,,={xeT: Tr+{B{x)) < bo + ej . 

Thus C/ej is an open subset of JF such that U^-^ n dT = and, for ei < eq, Uei is 
compact and included in the interior of J-. 

We will discuss gaps in the spectrum of the operator , which are located below 
the top of potential barriers, that is, on the interval [0, h{bo + eo)]. Here by a gap 
in the spectrum (t{T) of a self-adjoint operator T in a Hilbert space we understand 
any connected component of the complement of (t{T) in M, that is, any maximal 
interval (a, b) such that (a, b) D <t{T) = . The problem of existence of gaps in the 
spectra of second order periodic differential operators has been extensively studied 
recently (some relevant references can be found, for instance, in pil I12j ). 

4.2. Spectral gaps and tunneling effect. Using the semiclassical analysis of the 
tunneling effect, it was shown in [llj that the spectrum of the magnetic Schrodinger 
operator i?'* on the interval [0, h{bo + eo)] is localized in an exponentially small 
neighborhood of the spectrum of its Dirichlet realization inside the wells. This 
result extends to the periodic setting the result obtained in [T3] in the case of 
compact manifolds. It allows us to reduce the investigation of some gaps in the 
spectrum of the operator H'^ to the study of the eigenvalue distribution for a "one- 
well" operator and leads us to suggest a general scheme of a proof of existence 
of spectral gaps in [10]. We disregard the analysis of the spectrum in the above 
mentioned exponentially small neighborhoods. 
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For any domain W in M, denote by H^y the unbounded self-adjoint operator in 
the Hilbert space L'^{W) defined by the operator iJ'' in W with Dirichlet boundary 
conditions. The operator H^y is generated by the quadratic form 

u^q'^[u]:= / \{ih d + A)u\'^ dx 
Jw 

with the domain 

Dom(g{V) = {u e L^{W) : {ihd + A)u e L^n\W),u\9w = 0}, 

where L'^fl^{W) denotes the Hilbert space of differential 1-forms on W, dx is 
the Riemannian volume form on M . 

Assume now that the operator satisfies the condition of (|4.1|) . Fix ei > 
and £2 > such that ei < 62 < eo, and consider the operator associated with 
the domain D = U^^. The operator has discrete spectrum. 

Theorem 4.1. Let N > 1. Suppose that there exist ho > 0, c > and M > 1 and, 
for each h G (0, ho], a subset /Zg < /LtJ* < . . . < 11% of an interval I{h) C [0, ft,(6o+€i)) 
such that : 

(1) 

^i'; - fi';_, > ch'' , j = i,...,7v, 

dist(^(,\ > c/i^^ dist(/x5V, dl{h)) > ch^' . 

(2) Each A*^, j = 0, 1, . . . , A'^, is an approximate eigenvalue of the operator H^: 
for some Vj € C^{D) we have 

\\Hi,v'l~t,'jv'^\\^a,ih)\\v'l\\, 

where ctj{h) — o[h'^^) as h 0. 

Then there exists hi G (0, /lo] such that, for h G {0,hi], the spectrum of on the 
interval I{h) has at least N gaps. 

4.3. Results on the existence of spectral gaps. In [TU], we show that, under 
the assumption (|4.ip . the spectrum of the operator has gaps (and, moreover, an 
arbitrarily large number of gaps) on the interval [0, h{bo + ep)] in the semiclassical 
limit h ^ . Under some additional generic assumption, this result was obtained 

in [ni. 

Theorem 4.2. For any natural N , there exists ho > such that, for any h G (0, ho], 
the spectrum of in the interval [0, h{bo + eo)] has at least N gaps. 

The case when &o = and there are regular discrete wells was considered in [TD] . 

Theorem 4.3. Suppose that there exist a zero xo of B, B{xo) — 0, some integer 
k > and a positive constant C such that, for all x in some neighborhood of Xo , 
the estimate holds: 

(4.2) C-^d{x,xo)'' < Ti-+{B{x)) < Cd{x,xof. 

Then, for any natural N , there exist constants Cn > and h^ > such that, 
for any h E (0, ft-Ar], the part of the spectrum of contained in the interval 
[0, Cjv/i ] has at least N gaps. 

A slightly stronger result was shown in [52] under the assumptions that bo = 
and each zero xo of B satisfies (|4.2p . 
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Theorem 4.4. Under the current assumptions, there exists an increasing sequence 
{/imjTt G N}, satisfying /im ^ oo as m oo, and, for any a and b satisfying 
< a < b < fim+i with some m, km > such that, for h G (0, km] , the interval 

2fc + 2 2fc + 2 , 

[ah fe+^i , bh '=+2 ] does not meet the spectrum of H . It follows that there exists 
an arbitrarily large number of gaps in the spectrum of provided the coupling 
constant h is sufficiently small. 

In this case the zero set J7 in is a finite collection of points {xi , . . . , xn}- Then 
the sequence {nm, m £ N} in Theorem 14.41 is the increasing sequence of eigenvalues 
associated with the operator K'^ defined in (|2.ip . The proof of Theorem 14.41 is 
based on abstract operator-theoretic results obtained in [23] . 

Now suppose that 6o = and the zero set of the magnetic field is a smooth 
oriented hypersurface 5*. Moreover, there are constants fc G Z, A: > and C > 
such that for all x E U we have: 

C-^dix, Sf < \B{x)\ < Cd{x, S)'' . 

First of all, note, that the estimates of Theorem 13.31 hold in this setting [T3]. In 
]TI\ we have proved the following result. 

Theorem 4.5. For any a and b such that 

UJrain[B)T^ <a<b, 

and for any natural N , there exists Hq > such that, for any h G (0, ho] , the 

u 2k + 2 2fc + 2 

spectrum of H in the interval [h '=+2 a, h '=+2 b\ has at least N gaps. 

Finally, assuming the existence of a non-degenerate miniwcU on S, we prove the 

, 2fc + 3 

existence of gaps in the spectrum of H on intervals of size h '=+2 , close to the 
bottom XoiH''). 

Theorem 4.6. Under the current assumptions, suppose that there exist xi € S and 
Ci > 0, such that |ti;o,i(a;i)| = Wmin(-B) and, for all x G S in some neighborhood of 

Xl 

— ds{x,xi)'^ < |wo.i(a;)| - u;,nm(S) < C\dsix,xi)^. 

Then, for any natural N, there exist bN > and ft, at > such that, for any 
h G (0, /iat] , the spectrum of in the interval 

2 2k-\-2 2 2k-\-2 2fc+3" 

i>a;min(^) h~k+2 , z)cJniin(S) h~kV2 + 5^ ft"E+2- 

has at least N gaps. 
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